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%) II
Abstract
This paper consists of two chapters. Chapter 1 is to study the existence and uniquence
of solutions to the Prandtl system. In this chapter, we assume that the velocity at outer edge
of the boundary layer U(t, x) = xmU1(t, x), m ≥ 1. We consider the globall existence of the
solution. We first translate the initial and boundary value problem of the Prandtl system to
the initial and boundary value problem for a single parabolic equation (1.19) by the Crocco
change. Then we regularize the problem (1.19) and to do some prior estimates to the solution
of the regularized problem. Lastly, we proved the existence of the global solution and study
the uniqueness of solution.
The second part in this paper is to study the limit behaviour of the solution to some
degenerate parabolic equation with shift element i. We prove that the limit (ε → 0) of the
solution to the problem with shift element is the solution to the degenerate parabolic equation
without shift element. Firstly, the degenerate parabolic with shift element is regularized.
Secondly, some prior estimate of solutions to the regularized problem are obtained. Lastly, the
character of the limit (ε → 0) of the solution is proved.
The third part in this paper is to study the properties to some degenerate parabolic
equation not in divergence form with strongly nonlinear soures.The first section is about the
initial-boundary problem to this equation with bounded set. The second section is about some
properties of the solution to the initial problem with unbounded set.
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Prandtl (!'#&%&" $%) 1x Prandtl  V5℄xo
§1.1qE
§1.1.1 bB7Ex(RbOi	`$E_ (Euler) |BAMb=6P%za-~[UbxIZ*su!QiOE=:!i"REdUb l0a-K6V6Hb6PAm	1q- Navier-Stokes |B	 v59REyu7beT	O|BLM)bvX&,T4wH6Pb=s9H6Pb=w9~[6|nnaa	H
*36PbAm B6Y|j 
1904 XhM (Prandtl) 9$` (Heidelberg) Qbfm!Q7U=NK-&
b=$k6= ([20]). |hMbh	[Hb6P6#P(J 	
a6P a+y;&*P$k
r,by;	<a$k6	Ey;UHmq"4	4&y;*$k6Xby;	H
)2;|O)!	s N-S |Bb q,J q	{j,Jb 	ya℄$k6|B (Prandtl |B).59 Prandtl |BPE7X6- N-S |B	aKbNCi"8:!Q~+	/O
Prandtl|B(t?a$k6=bAM)w6P%bk" ?2 w Prandtl|Bb7=s9e%H6PbAm~6k"+,6S!:	ErW6P%b""	B6&j)b=V$k6=R!1m-
O}Uv>b3	H#- 20 (R6P%9#xIb^8uJjGXYdl Prandtl |BbV\#B ([20]):
Navier-Stokes |BK6b*0

































































































































jg|5Ao V0 = (U0, 0)($k6X6PbAo). E6bUQ℄u9 (1.2) bI$_iO 


u(0, x, y) = u0(x, y), v(0, x, y) = v0(x, y),
u(t, x, 0) = 0, v(t, x, 0) = 0 0 < x < X,




2 , v ∼ u(Re)−
1
2 .z ε = (Re)− 12 , D1&
b&:
t′ = t, x′ = x, y′ = ε−1yEy; D = {0 < t <∞, 0 < x < X, 0 < y <∞} Ul,


































































































(1.5)gfw$:LE$k6gq p: y k	9*jGy





















































































































u(0, x, y) = u0(x, y), u(t, 0, y) = 0, v(t, x, 0) = v0(t, x),
u(t, x, 0) = 0, lim
y→∞














Prandtl (!'#&%&" $%) 4jGaZL BV jbWPRE)`&S m ≥ 1, U1(t, x) > 0, UUx + Ut ≥
0, v0(t, x) ≤ 0. s U > 0 bvbL=[4g{ [27]. jG1q Crocco &: ([5]):
τ = t , ξ = x , η =
u
U








uyt = Uτw + Uwτ ,







a (1.10) gf&$9 y w\&P	+#4 (1.10) gfw$	6
uty + uuxy + vuyy = uyyy. (1.13)D5 (1.10) $gf&$6
v =
uyy + Ut + UUξ − ut − uux
uy
. (1.14)i+ (1.12)-(1.14) 
V\K
wτ + ηUwξ + Awη +Bw − w
2wηη = 0 (τ, ξ, η) ∈ ΩT , (1.15)jg ΩT = {(τ, ξ, η)|0 < τ < T, 0 < ξ < L, 0 < η < 1}
A = (1 − η2)Uξ + (1 − η)
Uτ
U
, B = ηUξ +
Uτ
U
. (1.16)5 (1.10) f)f>$	 w(τ, ξ, η) ?
ubI$_Q℄
w(0, ξ, η) = w0(ξ, η) =
u0y
U(0, x)
, w(τ, ξ, 1) = 0, (1.17)5 (1.10) bf&$	[ y = 0  	
v0uy = uyy + UUx + Ut,+$SL) U , 5 (1.12) 
a
wwη − v0w + (Uξ +
Uτ
U



















wτ + ηUwξ + Awη +Bw − w
2wηη = 0, (τ, ξ, η) ∈ ΩT ,
w(0, ξ, η) = w0(ξ, η) =
u0y
U(0, x)
, w(τ, ξ, 1) = 0,
wwη − v0w + (Uξ +
Uτ
U
) = 0, η = 0.
(1.19)
§1.1.2 j&r8%#?
Prandtl |BNK)0	=bREi" d	p'	??' OleinikEI 1999 XKb$k6=b7N (Mathematical Models in Boundary
Layer) &5gK-&i"sos<0


































u(0, x, y) = u0(x, y), u(t, 0, y) = 0, u(t, x, 0) = 0,
v(t, x, 0) = v0(t, x),
lim
y→∞





wτ + ηUwξ + Awη +Bw − νw
2wηη = 0, (τ, ξ, η) ∈ ΩT ,
w(0, ξ, η) = w0(ξ, η) =
u0y
U(0, x)
, w(τ, ξ, 1) = 0,
νwwη − v0w + (Uξ +
Uτ
U
) = 0, η = 0.
(1.22)S

































m,kwm,k − ν(wm−1,k + h)2,
wm,k(1) = 0, νwm−1,k(0)wm,kη (0) − v
m,k
0 w
m−1,k(0) + Cm,k = 0,
w0,k = wh0 (kh, η), m = 1, · · · , [T/h]; k = 0, 1, · · · , [X/h],








, (1 − η + h)wm,kηη[mh ≤ T1 ≤ T, h < h0 	9h&d6k.qv
)V\KE Ω × (0, T1) U	iO (1.22) 6?)ubebj
C1(1 − η) ≤ w ≤ C2(1 − η); (1.24)RE6kb\7 wη, wτ , wξ;
|wξ| ≤ C3(1 − η), |wτ | ≤ C4(1 − η);
wη E η < 1 *4bÆ\7 wηη RE+t wwηη E Ω 6k +t? (1.22) gbI$_Q℄)K1NN? (1.22)gbf&|B?6ebj`&z<℄<iO	
)a℄iO (1.20)(1.21) jbRE`&	nf0:L$~0+	E OleinikbQ℄u	Ul%*~Xb	I ∂xP (x, t) ≤




2∂2ηw = 0, (τ, ξ, η) ∈ (0, t1) × (0, L) × (0, 1))2A|B
1
2














Prandtl (!'#&%&" $%) 7r	 J. Hunter FbNCB7_i":S&=i"~h+	GGEgKg14)l-S&i"
Prandtl|BbV\*`$E Navier-Stokes|BbAMb	 v Navier-Stokes|B*K6H6PAmvJb[tNESNg6Pbs2% (tangential strsses)*}'9YsÆ&Ao (shear deformation velocities), Sy l- Navier-Stokes|Bbq2






























jg u(x, 0) = u0, x ∈ Ω, u(x, t) = 0, x ∈ ∂Ω × (0,∞), E = (Eij), Ω * Rn gb6ky; , r > −1, µ0, µ1 ≥ 0.|47 r, µ0, µ1 bz_6N
 a
Newtonian : µ0 > 0, µ1 = 0;
Rabinowitsch : µ0, µ1 > 0, r = 2;
Ellis : µ0, µ1 > 0, r > 0;
Ostwald − de Wael : µ0 = 0, µ1 > 0, r > −1;
Bingham : µ0, µ1 > 0, r = −1.U,bp!ZL-s9~[t6P#REy$k6zzEjG92%L,'9Æ&AoL,bIb~}H0



















Prandtl (!'#&%&" $%) 8(%Æ&AoL,b ,s9~[t6bIl:N	2%L, (τij) 6)ubÆ$





2 eij, n > 0.jg p*q	k *6Pod (consistency) `'	δij a Kronecker`'[ 0 < n < 1 	<aW
B6 (pseudoplastic); [ n > 1  	<a


























































































u(0, x, y) = u0(x, y), u(t, 0, y) = 0, v(t, x, 0) = v0(t, x),
u(t, x, 0) = 0, lim
y→∞
u(t, x, y) = U(t, x), U > 0.








wτ + ηUwξ + Awη +Bw − n|w|
n+1
n wηη = 0, (τ, ξ, η) ∈ ΩT ,
w(0, ξ, η) = w0(ξ, η) =
u0y
U(0, x)
, w(τ, ξ, 1) = 0,
|w|
1−n




n w + (Uξ +
Uτ
U














Prandtl (!'#&%&" $%) 9siO (1.29) g{ [27] K-iO (1.27)(1.28) [ 0 < n ≤ 1  (~l8W
B6$k6iO) WP BV jbRE`&	)H n > 1  (~l8
M6$k6iO)z2 BV jbRE`& 1.1 S8FuÆ U = U(t, x) = xmU1 U1 > 0, m ≥ 1. rt U(t, x) }
x = 0 8N	B8J(avO\ [25]   [27] G	s8"diO 1.2 r%=dl,O\ [25] Æ8Fu ∂xP ≤ 0 vFu Uτ +
UUξ ≥ 0 (§1.2.1= 2.1) k 1.3 R}Xz?O\ [19] eF[	3s7 U = xmU1, U1 > 0, O\ [19]65~V<z0};i- m ≥ 2, D8x\;i- m ≥ 1.
§1.1.3 BV(R,Kna-0Jb24	h0TZLda BV &7b6e&XYly 1.1 to G 6l	,BBs x1, x2..., xn 8[n4>;!A8_.E	rN BV (G) = {u ∈ L1(G); | ∂u
∂xi
(G) ∈ m(G)|}, *Æ m(G) ;ob G 8s{#!AB u ∈ BV (G), =n






|(G).B 1.1 BV (G) }=n 1.1 HmnY; Banach tB 1.2 7 u(x) ∈ BV (G), , u(x) |o	!
lim
ε→0
‖Jε(u) − u‖L1(G) = 0,
|∇Jε(u)|(G) ≤ |∇u|(G), lim
ε→0
|∇Jε(u)|(G) = |∇u|(G).*Æ Jε ; u 8 Z_	 |∇u|(G) ; ( ∂u∂x1 , ..., ∂u∂xn ) } G 68.#B 1.3 u(x) ∈ BV (G) 8)iFu; u } G 6l,
∫
G
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